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A

ABSTRACT

This report describes an investigation into the sensitivities of eight

matrices associated with the Lunar Orbiter mission. The error in a 19 x 19

double precision covariance matrix is also determined.
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SYMBOLS

A N x N matrix which is to be inverted

A-I N x N matrix which is the inverse of matrix A

B N x N matrix which is the approximate inverse of matrix A

F N x N perturbation matrix

A+F N x N perturbed matrix

(A + F) -I N x N matrix which is the inverse of matrix A + F

E N x N error matrix defined as A-I - B

E N x N error matrix defined as (A + F) -I'- B

N x N error matrix defined as A-I - (A + F) -I

( )ij

(i, j)

the matrix element in the ith row and Jth column of matrix (

the matrix element in the ith row and jth column
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MATRIX SENSITIVITY ANALYSIS

FOR LUNAR SATELLITE ORBITS

By C.B. Sheckells

TRW Systems

i. SUMMARY

This report describes an investigation into the sensitivities of eight

matrices associated with the Lunar Orbiter mission. The error in a 19 x 19

double precision covariance matrix is also determined. This 19 x 19 covariance

matrix along with its corresponding normal matrix were provided by Langley

Research Center (LRC) to TRW Systems. The eight matrices used in the sensi-

tivity study were obtained by inverting matrices which were provided by LRC

to TRW.

The error in the 19 x 19 covariance matrix is determined on the TRW

Inversion Error Program. In general, the error in this matrix is in the llth

and 12th significant figure, or equivalently, this covariance matrix in general

is correct to l0 or ll significant figures.

Matrix sensitivity is studied on the TRW Inversion Error Program by apply-

ing four perturbations to each matrix: two random and two bias. It is found

that nearly all of the eight matrices studied are quite sensitive to errors

in the last two significant figures.

A description of the matrices supplied by LRC along with a description

of the tracking situation is given at the beginning of the respective appendix

in which the matrix is located. These descriptions were provided by LRC to

TRW Systems.
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2. INTRODUCTION

The TRW Inversion Error Program (INER) was used to determine the errors

and sensitivities of the various matrices studied in this report. INER, which

is described in appendix A, is a high precision matrix inversion program,

which, in addition to inverting matrices, computes the error in taking the

inverse of the matrix A + F to be the inverse of the matrix A, where F is a

given perturbation matrix. A summary of the inputs and outputs of INER is

given in appendix A.

Ten matrices were provided by LRC for this study, including one covariance

matrix with its corresponding normal matrix, three covariance matrices

without their corresponding normal matrices, and five normal matrices without

their corresponding covariance matrices. These latter eight matrices were

numbered i - 8 inclusive by LRC and can be found in appendixes C - J, respec-

tively.

In order to identify the 120 matrices generated in this study, each matrix

is assigned a two-part number. This number is located in the upper right-

hand corner of the matrix to which it applies. The first part refers to the

appendix in which the matrix is located, while the second part is the matrix

number within that particular appendix. For example, matrix D-6 refers to

the sixth matrix in appendix D. Appendixes B - J inclusive are used for the

storage of matrices. In particular, appendix B contains the previously mention-

ed normal-covariance matrix pair provided by LRC and, in addition, contains

all the matrices computed in this study which are related to this matrix pair.

Similarly, appendixes C - J contain matrices i - 8 provided by LRC, and, in

addition, contain all the matrices generated in this study which are related

to these matrices. Just how they are related is described later in this report.

Although the two-part number described above is the main method of identi-

fication, there are also two other means of identification which should be

mentioned before describing the results of the study. These additional means

of identification are the INER input-output statement printed in the upper

left-hand corner of each matrix and the descriptive title given each matrix.

A summary of INER inputs and outputs is given in appendix A and should be

referred to when interpreting the input-output statement.
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3. C0VARIANCE MATRIX ERROR

The error in one of the covariance matrices provided by LRC is determined

in this section. This error is determined by inverting the corresponding

normal matrix provided by LRC and comparing the resulting inverse with the

covariance matrix. This inverse is computed on INER to insure accuracy.

Notice that it is necessary to know both the covariance matrix and the normal

matrix before any covariance matrix errors can be determined. For this reason,

the error in each covarisnce matrix provided by LRC cannot be determined. It

is only possible to determine the error in the one covariance matrix provided

with its corresponding normal matrix. This normal-covariance matrix pair is

in appendix B.

The normal matrix (matrix B-l) and the covaraince matrix (matrix B-2)

are both 19 x 19 double precision matrices. Referring to appendix B it is

seen that these double precision matrices (16 significant figures) are given

to 17 significant figures. This peculiarity of constructing 17 digit numbers

from 16 digit numbers is a property of the INER double precision format and

all double precision numbers appearing in this report should be rounded-off

at the 16th significant figure. Thus the (i, i) element of matrix B-I is

•2867125510364427D 01 and not .286712551036h4272D 01.

Since INER computes the error in an approximate matrix inverse, given

this inverse and the matrix to be inverted, the error in covariance matrix

B-2 is easily determined on INER. Thus, normal matrix B-I is input to INER

as matrix A while covariance matrix B-2 is input as matrix B, and the error

in the covariance matrix is output by INER as matrix E (matrix B-B). The

correct covariance matrix is output by INER as matrix B + E (matrix (B-4).

The extent of the error in covariance matrix B-2 is determined by comparing

matrices B-2 and B-4. Thus, by direct comparison the (i, I) elements of

matrices B-2 and B-4 differ in the 12th significant figure, or equivalently,

the (i, i) element of the original covariance matrix B-2 is correct to ii

significant figures. By a similar comparison, it is seen that the (3, i)

elements of these matrices differ in the llth significant figure, the (13, 2)

elements differ in the 10th significant figure, and the (7, h) elements differ



in the iBth significant figure. Thus, the (B, i), (iS, 2), and (7, 4) elements

of the original covariance matrix B-2 are correct to i0, 9, and 12 significant

figures, respectively. In general, corresponding elements of matrices B-2

and B-4 differ in the llth and 12th significant figure and thus, the original

covariance matrix B-2 in general is correct to i0 or ii significant figures.

4. MATRIX SENSITIVITY

The sensitivities of eight matrices is studied in this section. These

eight matrices were not provided by LRC but were obtained by inverting eight

matrices nrovided by LRC. The results of this study are discussed in terms

of each matrix. However, before describing these results a few general comments

concerning all eight matrices are given.

The inversion of the eight single precision matrices provided by LRC is

done in two steps. The first step consists of inverting all these matrices

on an ordinary single precision program. The second step consists of inverting

all eight matrices on INER, using the result of the single precision inversion

as the approximate inverse_ that is, the matrix obtained in the single precision

inversion is used as the B matrix on INER.

Once the eight matrices used in the sensitivity study are obtained, they

are perturbed to study their sensitivities to errors in the last two significant

figures of each element. Since these matrices are symmetric, the errors are

symmetric, and thus, the perturbations must be symmetric. Four perturbations

are applied to each matrix: two random and two bias. The random perturba-

tions are random in the sense that some elements are increased in magnitude

while others are decreased in magnitude_ however, symmetric elements are always

perturbed the same. The random selection of whether a given element is increased

or decreased in magnitude is made by observing the signs from a table of random

numbers with zero mean. It is important to mention that the same random per-

turbation is applied to all matrices of the same dimensions so that a comparison

of their relative sensitivity under the same perturbation can be made. Thus,



all 6 x 6 matrices are perturbed with the samerandomperturbation. The bias

perturbations are bias in the sense that all elements are increased in magnitude.

The four types of perturbations applied to each single precision matrix

are :

1)

2)

B)

Type i - This perturbation is a random perturbation of the eighth

digit.

Type 2 - This perturbation is a random perturbation of the seventh

digit.

Type 3 - This perturbation is a bias perturbation of the eighth

digit.

Type 4 - This perturbation is a bias perturbation of the seventh

digit.

The two random perturbations, type i and type 2, are identical except that

type i perturbs the eighth digit and type 2 perturbs the seventh digit. Thus_

if type i perturbation increases the magnitude of a certain element, then

type 2 perturbation also increases the magnitude of that element; however, the

type 2 perturbation increases that element's magnitude more than the type I

perturbation. The four types of perturbations given above are input to INER

as matrices (matrix F). In this report all perturbed matrices A + F are formed

in the second way, as described in appendix A, i.e :

(A + F)ij = Aij + Aij Fij

where ( )iJ denotes the matrix element in the ith row and the Jth column.

_.i Covariance Matrix i

Normal matrix i provided by LRC is given in appendix C as matrix C-I.

The approximate covariance matrix C-2 is obtained by inverting matrix C-I

in ordinary single precision. Matrices C-I and C-2 are then input to INER

and the error in the approximate covariance matrix C-2 is computed to be
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matrix C-3. The sum of matrices C-2 and C-3 gives the correct covariance

matrix C-4. Notice that most of the corresponding elements of matrices C-2

and C-4 differ in the 4th digit; thus, the approximate covariance matrix C-2

in general is accurate to three significant figures. Matrices C-I and C-_

are used in th_ sensitivity study of covariance matrix C-_ (also referred to

as covariance matrix i).

For the sensitivity study, covariance matrix C-_ is input to INER as

matrix A (matrix C-5), and normal matrix C-I is input as matrix B (matrix C-6).

(Matrices C-4 and C-5 should be identical, but upon close examination it is

seen that some corresponding elements differ in the eighth digit. This apparent

input error is a property of the input format ; actually, the two numbers are

identical. These numbers are identical because the smaller of the two has a

chain of 9's after it in INER, which when rounded-off give the larger number.

Thus, this apparent input error should be ignored).

Type i perturbation matrix C-7 is combined with matrix C-5 to form

the perturbed matrix. As previously mentioned at the end of section 4, these

matrices are combined in the second way in INER, which is described in appendix

A, to form the perturbed matrix. The difference between the inverses of the

perturbed and unperturbed matrix is given as matrix C-8. The effect of the

perturbation is determined by comparing the magnitudes of corresponding ele-

ments of matrices C-6 and C-8. For example, by comparing the (3, l) ele-

ments of matrices C-6 and C-8, it is seen that the (3, l) elements of the

inverses of the perturbed and unperturbed covariance matrix C-5 differ in the

3rd digit. By comparing matrices C-6 and C-8, it is seen that in general the

inverses of the perturbed and unperturbed covariance matrix C-5 differ in the

3rd digit. Thus, type 1 perturbation matrix C-7 in general produces a change

in the 3rd digit of normal matrix C-6.

The effect of type 2 perturbation matrix C-9 on covariance matrix C-5

is determined by comparing matrices C-6 and C-10. This comparison shows

that in general corresponding elements of the inverses of the perturbed and

unperturbed covariance matrix C-5 differ in the 2nd digit. Thus, type 2 pertur-

bation matrix C-9 in general produces a change in the 2nd digit of normal

matrix C-6.



A comparison of matrices C-12 and C-6 showsthat the effect of type 3

perturbation matrix C-II on covariance matrix C-5 in general is to change the

elements of normal matrix C-6 in the 5th digit. Similarly, a comparison
of matrices C-lh and C-6 shows that the effect of type 4 perturbation matrix

C-13 on covariance matrix C-5 in general is to change the elements of normal

matrix C-6 in the 5th and 6th digit.

In summary, the effect of perturbation matrices C-7, C-9, C-ll, and

C-IS on covariance matrix C-5 in general is to change the elements of normal

matrix C-6 in the 3rd, 2nd, 5th, and 5th digit, respectively.

4.2 Covariance Matrix 2

Normal matrix 2 provided by LRC is given in appendix D as matrix D-I.

The approximate covariance matrix D-2 is obtained by inverting matrix D-I in

ordinary single precision. Matrices D-I and D-2 are then input to INER, and

the error in the approximate covariance matrix D-2 is computed to be matrix

D-3. The correct covariance matrix D-h is the sum of matrices D-2 and D-3.

Most of the corresponding elements of matrices D-2 and D-4 differ in the 2nd

digit ; thus, the approximate covariance matrix D-2 in general is accurate to

one significant figure. Matrices D-I and D-4 are used in the sensitivity study

of covariance matrix D-h (also referred to as covariance matrix 2).

For the sensitivity study, covariance matrix D-4 is input to INER as

matrix A (matrix D-5), and normal matrix D-I is input as matrix B (matrix D-6).

The effect of type i perturbation matrix D-7 on covariance matrix D-5 is deter-

mined by comparing matrices D-6 and D-8. This comparison shows that in general

corresponding elements of the inverses of the perturbed and unperturbed covariance

matrix D-5 differ in the ist digit. Similarly, a comparison of matrices D-10

and D-6 shows that the effect of type 2 perturbation matrix D-9 on covariance

matrix D-5 in general is to change the elements of normal matrix D-6 in the

ist digit.

A comparison of matrices D-12 and D-6 shows that the effect of type 3

perturbation matrix D-II on covariance matrix D-5 in general is to change the

7



elements of normal matrix D-6 in the 2nd digit. Similarly, a comparison of

matrices D-14 and D-6 shows that the effect of type 4 perturbation matrix D-13

on covariance matrix D-5 in general is to change the elements of normal matrix

D-6 in the 3rd digit.

A comparison of matrices D-8 and D-IO shows that perturbation matrices

D-7 and D-9 change the elements of normal matrix D-6 in the same direction.

However, a comparison of matrices D-12 and D-14 shows that perturbation matrices

D-11 and D-13 change the elements of normal matrix D-6 in the opposite direction.

In summary, the effect of perturbation matrices D-7, D-9, D-II, and

D-13 on covariance matrix D-5 in general is to change the elements of normal

matrix D-6 in the ist, ist, 2nd, and 3rd digit, respectively.

h.3 Normal Matrix 3

Covariance matrix 3 provided by LRC is given in appendix E as matrix

E-I. The approximate normal matrix E-2 is obtained by inverting matrix E-I

in ordinary single precision. Matrices E-I and E-2 are then input to INER,

and the error in the approximate normal matrix E-2 is computed to be matrix

E-3. The correct normal matrix E-4 is the sum of matrices E-2 and E-3. Most

of the corresponding elements of matrices E-2 and E-h differ in the hth digit;

thus, the approximate normal matrix E-2 in general is accurate to three signi-

ficant figures. Matrices E-I and E-4 are used in the sensitivity study of

normal matrix E-4 (also referred to as normal matrix 3).

For the sensitivity study, normal matrix E-h is input to INER as matrix

A (matrix E-5), and covariance matrix E-I is input as matrix B (matrix E-6).

The effect of type i perturbation matrix E-7 on normal matrix E-5 is determined

by comparing matrices E-6 and E-8. This comparison shows that in general

corresponding elements of the inverses of the perturbed and unperturbed normal

matrix E-5 differ in the 2nd digit. Similarly, a comparison of matrices E-IO

and E-6 shows that the effect of type 2 perturbation matrix E-9 on normal

matrix E-5 in general is to change the elements of covariance matrix E-6 in

the ist digit.



A comparison of matrices E-12 and E-6 showsthat the _A_t vA _j_

perturbation matrix E-If on normal matrix E-5 in general is to change the
elements of covariance matrix E-6 in the 4th digit. Similarly, a comparison

of matrices E-14 and E-6 showsthat the effect of type 4 perturbation matrix

E-13 on normal matrix E-5 in general is to change the elements of covariance
matrix E-6 in the 4th digit.

In su_m_wy, the effect of perturbation matrices E-7, E-9, E-II, and E-13

on normal matrix E-5 in general is to change the elements of covariance matrix

E-6 in the 2nd, ist, 4th, and 4th digit, respectively.

4.4 Normal Matrix 4

Covariance matrix _provided by LRC is given in appendix F as matrix

F-I. The approximate normal matrix F-2 is obtained by inverting matrix

F-I in ordinary single precision. Matrices F-I and F-2 are then input to

INER, and the error in the approximate normal matrix F-2 is computed to be

matrix F-3. The correct normal matrix F-4 is the sum of matrices F-2 and

F-3. Most of the corresponding elements of matrices F-2 and F-4 differ

in the 4th digit _ thus, the approximate normal matrix F-2 in general is

accurate to three significant figures. Matrices F-I and F-4 are used in

the sensitivity study of normal matrix F-4 (also referred to as normal matrix 4).

For the sensitivity study, normal matrix F-4 is input to I_ as matrix

A (matrix F-5), and covariance matrix F-I is input as matrix B (matrix F-6).

The effect of type 1 perturbation matrix F-7 on normal matrix F-5 is

determined by comparing matrices F-6 and F-8. This comparison shows that

in general corresponding elements of the inverses of the perturbed and unper-

turbed normal matrix F-5 differ in the 2nd digit. Similarly, a comparison of

matrices F-10 and F-6 shows that the effect of type 2 perturbation matrix

F-9 on normal matrix F-5 in general is to change the elements of covariance

matrix F-6 by two orders of magnitude.

A comparison of matrices F-12 and F-6 shows that the effect of type B

perturbation matrix F-II on normal matrix F-5 in general is to change the



elements of covariance matrix F-6 in the Brd digit. Similarly, a comparison

of matrices F-lh and F-6 showsthat the effect of type h perturbation matrix

F-I3 on normal matrix F-5 in general is to change the elements of covariance

matrix F-6 in the 3rd digit.

In summary,the effect of perturbation matrices F-7, F-II, and F-IS

on normal matrix F-5 in general is to change the elements of covariance

matrix F-6 in the 2nd, Brd, and 3rd digit, respectively. The effect of

perturbation matrix F-9 on normal matrix F-5 in general is to change the

elements of covariance matrix F-6 by two orders of magnitude.

h.5 Normal Matrix 5

Covariance matrix 5 provided by LRC is given in appendix G as matrix

G-I. The approximate normal matrix G-2 is obtained by inverting matrix G-I

in ordinary single precision. Matrices G-I and G-2 are then input to

INER, and the error in the approximate normal matrix G-2 is computed to be

matrix G-3. The correct normal matrix G-h is the sum of matrices G-2

and G-3. Most of the corresponding elements of matrices G-2 and G-h differ

in the 2nd digit; thus, the approximate normal matrix G-2 in general is

accurate to one significant figure. Matrices G-I and G-4 are used in the

sensitivity study of normal matrix G-h (also referred to as normal matrix 5).

For the sensitivity study, normal matrix G-_ is input to INER as matrix A

(matrix G-5), and covariance matrix G-1 is input matrix B (matrix G-6). The

effect of type 1 perturbation matrix G-7 on normal matrix G-5 is determined

by comparing matrices G-6 and G-8. This comparison shows that in general

corresponding elements of the inverses of the perturbed and unperturbed normal

matrix G-5 differ in the 1st digit. Similarly, a comparison of matrices G-IO

and G-6 shows that the effect of type 2 perturbation matrix G-9 on normal

matrix G-5 in general is to change the elements of covariance matrix G-6 in

the 1st digit.

A comparison of matrices G-12 and G-6 shows that the effect of type B

perturbation matrix G-11 on normal matrix G-5 in general is to change the
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elements of covariance matrix G-6 in tile 2Lid ........

of matrices G-14 and G-6 shows that the effect of type 4 perturbation matrix

G-13 on normal matrix G-5 in general is to change the elements of covariance

matrix G-6 in the 3rd digit.

A comparison of matrices G-8 and G-10 shows that perturbation matrices

G-7 and G-9 change the elements of covariance matrix G-6 in the opposite

direction. However, a comparison of matriceq G-12 and G-lh shows that

perturbation matrices G-If and G-IS change the elements of covariance matrix

G-6 in the same direction.

In summary, the effect of perturbation matrices G-7, G-9, G-II, and

G-13 on normal matrix G-5 in general is to change the elements of covariance

matrix G-6 in the Ist, ist, 2nd, and 3rd digit, respectively.

4.6 Covariance Matrix 6

Normal matrix 6 provided by LRC is given in appendix H as matrix H-I.

The approximate covariance matrix H-2 is obtained by inverting matrix H-I in

ordinary single precision. Matrices H-I and H-2 are then input to INER, and

the error in the approximate covariance matrix H-2 is computed to be matrix

H-3. The correct covariance matrix H-4 is the sum of matrices H-2 and H-3.

Most of the corresponding elements of matrices H-2 and H-4 differ in the 2nd

digit; thus, the approximate covariance matrix H-2 in general is accurate to

one significant figure. Matrices H-I and H-_ are used in the sensitivity study

of covariance matrix H-4 (also referred to as covariance matrix 6).

For the sensitivity study, covariance matrix H-_ is input to INER as

matrix A (matrix H-5), and normal matrix H-I is input as matrix B (matrix H-6).

The effect of type 1 perturbation matrix H-7 on covariance matrix H-5 is deter-

mined by comparing matrices H-6 and H-8. This comparison shows that in general

corresponding elements of the inverses of the perturbed and unperturbed covariance

matrix H-5 differ in the ist digit. Similarly, a comparison of matrices H-10

and H-6 shows that the effect of type 2 perturbation matrix H-9 on covariance

matrix H-5 in general is to change the elements of normal matrix H-6 in the ist

digit.

ii



A comparison of matrices H-12 and H-6 shows that the effect of type 3

perturbation matrix H-II on covariance matrix H-5 in general is to change the

elements of normal matrix H-6 in the 2nd digit. Similarly, a comparison of

matrices H-14 and H-6 shows that the effect of type 4 perturbation matrix H-I3

on covariance matrix H-5 in general is to change the elements of normal matrix

H-6 in the 3rd digit.

A comparison of matrices H-8 and H-IO shows that perturbation matrices

H-7 and H-9 change the elements of normal matrix H-6 in the opposite direction.

However, a comparison of matrices H-12 and H-14 shows that perturbation matrices

H-11 and H-13 change the elements of normal matrix H-6 in the same direction.

In summary, the effect of perturbation matrices H-7, H-9, H-II, and H-I3

on covariance matrix H-5 in general is to change the elements of normal matrix

H-6 in the ist, ist, 2nd, and 3rd digit, respectively.

4.7 Covariance Matrix 7

Normal matrix 7 provided by LRC is given in appendix I as matrix I-i.

The approximate covariance matrix I-2 is obtained by inverting matrix I-1 in

ordinary single precision. Matrices I-1 and I-2 are then input to INER,

and the error in the approximate covariance matrix I-2 is computed to be matrix

I-3. The correct covariance matrix I-4 is the sum of matrices I-2 and I-3.

Most of the corresponding elements of matrices I-2 and I-4 differ in the 4th

digit; thus, the approximate covariance matrix I-2 in general is accurate to three

significant figures. Matrices I-1 and I-4 are used in the sensitivity study

of covariance matrix I-4 (also referred to as covariance matrix 7).

For the sensitivity study, covariance matrix 1-4 is input to INER as matrix

A (matrix I-5), and normal matrix I-1 is input as matrix B (matrix I-6). The

effect of type 1 perturbation matrix I-7 on covariance matrix I-5 is determined

by comparing matrices I-6 and I-8. This comparison shows that in general

corresponding elements of the inverses of the perturbed and unperturbed covariance

matrix I-5 differ in the _th digit. Similarly, a comparison of matrices I-lO

and I-6 shows that the effect of type 2 perturbation matrix I-9 on covariance

12



matrix I-5 in general is to change the elements of normal matrix i-6 in the

Brd digit.

A comparison of matrices 1-12 and 1-6 shows that the effect of type 3

perturbation matrix 1-11 on covariance matrix I-5 in general is to change the

elements of normal matrix I-6 in the 5th digit. Similarly, a comparison of

matrices 1-14 and I-6 shows that the effect of type 4 perturbation matrix 1-13

on covariance matrix I-5 in general is to change the elements of normal matrix

I-6 in the 5th digit.

In summary, the effect of perturbation matrices 1-7, 1-9, I-ii, and

l-IS on covariance matrix 1-5 in general is to change the elements of normal

matrix 1-6 in the 4th, Brd, 5th, and 5th digit, resnectively.

4.8 Covariance Matrix 8

Normal matrix 8 provided by LRC is given in appendix J as matrix J-l.

The approximate covariance matrix J-2 is obtained by inverting matrix J-1 in

ordinary single precision. Matrices J-1 and J-2 are then input to I_FER, and

the error in the approximate covariance matrix J-2 is computed to be matrix J-3.

The corrected covariance matrix J-4 is the sum of matrices J-2 and J-3. Notice

that nearly every element of the error matrix J-3 is the negative of the

corresponding element in matrix J-2. This large error means that matrix J-2

is a very poor inverse of J-l, which implies that matrix J-1 cannot be

inverted in single precision. Notice that the corrected covariance matrix J-4

is not symmetric. This nonsymmetry is explained by the fact that matrix J-4

is the sum of a double precision matrix J-3 and a single precision matrix J-2

in which the single precision number is canceling the most significant part of

the double precision number and leaving the least significant part. (Recall

that although the error matrix, in this case matrix J-B, is output by INER in

the same precision as the inputs, it is always computed in double precision.

Thus, when the sum of matrices J-3 and J-2 is computed internally by INER,

matrix J-B is treated as a double precision matrix. The fact that the error

matrix is always computed in double precision is mentioned in appendix A).

The fact that matrix J-4 is not symmetric immediately implies that it too is
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a poor inverse of the symmetric matrix J-l. In order to get the inverse of

matrix J-i it is necessary to invert it in high precision on INER.

Matrix J-i is inverted on INERby assuming its approximate inverse is the

zero matrix. Thus, matrix J-1 is input to INERas matrix A (matrix J-5) and

the zero matrix is input as matrix B (matrix J-6). The error matrix J-7 and

the corrected inverse matrix J-8 output by INERare, of course, identical and

the inverse of matrix J-5. Matrices J-8 and J-5 are used in the sensitivity

study of covariance matrix J-8 (also referred to as covariance matrix 8).

For the sensitivity study, covariance matrix J-8 is input to INERas matrix

A (matrix J-9) and normal matrix J-5 is input as matrix B (matrix J-lO). The

effect of type 1 perturbation matrix J-11 on covariance matrix J-9 is deter-

mined by comparing matrices J-12 and J-lO. This comparison showsthat in

general corresponding elements of the inverses of the perturbed and unperturbed

covariance matrix J-9 differ in the 1st digit. Similarly, a comparison of matrices
J-lh and J-10 showsthat the effect of type 2 perturbation matrix J-13 on

eovariance matrix J-9 in general is to change the elements of normal matrix

J-lO in the 1st digit.

A comparison of matrices J-16 and J-10 shows that the effect of type 3

perturbation matrix J-15 on covariance matrix J-9 in general is to change the

elements of normal matrix J-10 in the 1st digit. Similarly, a comparison

of matrices J-18 and J-10 shows that the effect of type 4 perturbation matrix

J-17 on covariance matrix J-9 in general is to change the elements of normal

matrix J-10 in the 2nd digit.

A comparison of matrices J-12 and J-lh shows that perturbation matrices

J-11 and J-13 neither change the elements of normal matrix J-10 in the same

direction nor change them in the opposite direction. For example, the (1, l)

element of matrix J-10 is decreased by both perturbation matrices J-11 and

J-13; however, the (6, l) element of matrix J-10 is decreased by perturbation

matrix J-11 and increased by perturbation matrix J-13. Similarly, a comparison

of matrices J-16 and J-18 shows that perturbation matrices J-15 and J-17

neither change the elements of normal matrix J-10 in the sa_le direction nor

change them in the opposite direction.



In summary, the effect of perturbation matrices J-ll, J-13, J-15, and

J-17 on covariance matrix J-9 in general is to change the elements of normal

matrix J-10 in the 1st, 1st, 1st, and 2nd digit, respectively.

The effects of the four perturbations on each matrix studied along with

the accuracy of its single precision inverse are tabulated below for reference.

Table I. Su_ of Sensitivity Study

The significant figure which the perturbation effects is tabulated below.

Matrix

Normal

Matrix i

Normal

Matrix 2

Covariance

Matrix 3

Covariance

Matrix

Covariance

Matrix 5

Normal

Matrix 6

Normal

Matrix 7

Normal

Matrix 8

Type 1

3rd

ist

2nd

2nd

ist

1st

hth

ist

Perturbation Type

Type 2

2rid

ist

ist

2 orders

of magnitude

ist

ist

3rd

ist

Type 3

5th

2nd

_th

3rd

2nd

2nd

5th

ist

Type

5th

3rd

4th

3rd

3rd

3rd

5th

2nd

Accurate signifi-

cant figures in

the single pre-
cision inverse

3

1

3

3

1

1

3
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5. NEW TECHNOLOGY

This section is included to comply with the requirements of the "New

Technology" clause of the Master Agreement under which this report was pre-

pared. The most significant new technology resulting from this contract is

the development of a high precision matrix inversion program by TRW Systems.
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_P_D._!X A

INER Program Description

i. INTRODUCTION

The TRW Inversion Error Program (INER) is a matrix inversion program

which uses a high precision matrix multiplication subroutine. Because of

this high precision subroutine, INER is more accurate than ordinary single

and double precision matrix inversion programs.

The high precision matrix multiplication subroutine differs from ordinary

single and double precision matrix multiplication subroutines in the method

used to compute products and sums. The entire product, which results from

multiplying two numbers, is saved in high precision multiplication, as

compared to ordinary single and double precision multiplication where part of

the product is lost because of truncation. Sums are calculated in high precision

by first summing numbers of the same magnitude and then summing numbers of

different magnitudes, as opposed to Just summing numbers without regard to

magnitude as is done in ordinary single and double precision.

2. CALCULATION OF A-I

Let A and B be two Nth order matrices, N ! h0, where B is the

approximate inverse of A. A and B can be either single or double precision.

In order to determine the correct inverse of A, A -1, it is necessary to

compute the error matrix E defined by

E = A-I - B (A-l)

Once the matrix E is known it is simply added to B to obtain A-I.

17



To compute E, calculate in high precision the Nth order double precision

residual matrix

R = AB - I (A-2)

where I is the identity matrix. From equation (A-l) one has

R - AE (A-B)

In order to solve equation (A-3) for E, it is necessary to precondition the

matrix A obtaining the double precision conditioned matrix

G = MA (A-h)

and the double precision matrix M.

The preconditioning of A consists of a normalization and an orthogonaliza-

tion. The normalization consists of dividing each row by its maximum magnitude

element. The orthogonalization consists of the usual Gram-Schmidt orthogonaliza-

tion procedure in which a set of N orthogonal row vectors is formed from a

set of N row vectors.

Once the matrix M has been calculated the Nth order double precision

matrix MR is computed with the high precision matrix multiplication subroutine.

From equations (A-3) and (A-h) one has

MAE - MR

GE - MR (A-5)

The matrix E is solved for in equation (A-5). Both matrices G and MR are

double precision and the matrix E is solved for in double precision.

18



3. CALCULATION OF A -I - (A + F) -I

In addition to computing A -I as described above, INER also has the

capability to compute the error in taking the inverse of A + F to be the inverse

of A, where F is a given perturbation matrix. This error is defined as

the difference A -I - (A + F) -I. INER computes this difference by inverting

the matrices A and A + F and then computing the difference A -I - (A + F) -I.

The inversion of matrix A is described above. Recall that the matrix

E of equation (A-I) is solved for in equation (A-5) and A-I is given by

A-I = B + E (A-6)

The matrix A + F is inverted by repeating the procedure used to invert

matrix A with A + F in place of A and B unchanged. Thus the error

matrix

E = (A + F) -I B (A-T)

associated with A + F is the solution of equation (A-5) in which, of course,

matrices G and MR have been formed from A + F. Thus one has

(A + F)-I = B +_ (A-8)

From equations (A-6) and (A-8) the difference A-I - (A + F) -I) is

A A

A -1 ....(A + F)-1 = B + E B E = E E

#%

Both matrices E and E are saved in computer memory and the difference
^

E - E is output.

3.1 Format ion of A + F

The matrix A + F can be formed in two different ways from the matrices

A and F. In the first way, the matrix A + F is formed by simply adding

19



the matrices A and F, i.e.

(A + F)ij -- Aij + Fij (A-9)

where ( )iJ denotes the matrix element in the ith row and the Jth column.

In the second way, the matrix A + F is formed by multiplying each element of

A by the corresponding element of F and then adding the product to the

element of A, i.e.

(A + F)ij = Aij + Aij Fij

The way in which A + F is formed is specified as an input.

h. SUMMARY OF INPUTS AND OUTPUTS

The inputs to INER are:

i) Matrix A (matrix to be inverted)

2) Matrix B (approximate inverse of matrix A)

3) Matrix F (perturbation matrix)

h) A specification of the way in which the matrix A + F is to be

formed.

The outputs of INER are:

i) Matrix E (error matrix A-I - B)

2) Matrix B + E (inverse of matrix A)

3) Matrix E - _ (error matrix A-I - (A + F) -I)
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APPENDIX B

Matrices Associated with the Normal-Covariance

Matrix Pair

This appendix contains the matrices involved in the determination of the

covariance matrix error.
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APPENDIX C

Matrices Associated with Norm_l Matrix i

This appendix contains the matrices involved in the sensitivity study

of covariance matrix i.
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APPENDIX D

Matrices Associated with Normal Matrix 2

This appendix contains the matrices involved in the sensitivity

study of covariance matrix 2.
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APPENDIX E

Matrices Associated with Covariance Matrix 3

This appendix contains the matrices involved in the sensitivity

study of normal matrix 3.
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MATRICES NUMBERS 3, 4, and 5

COVARIANCE MATRICES BEFORE AND AFTER FORWARDING

DATA PROCESSING EPOCH

m

ORBIT PARAMETERS : a 2817.9896 km

e 0.29138044

i 8.3826441 deg

15. 586228 deg

354. 80842 deg

Tp 66 yr. 6 too. 27 da. 3 hr.
t 66 yr. 6 too. 27 da. 4 hr.
O

41 min. 54.355 sec.

4 rain. 48.0 sec.

MATRIX NO. 3: Matrix No. 3 is the covariance matrix of spacecraft

state at t o after two lunar orbits of range and range
rate data from Goldstone and Woomera have been

processed.

MATRIX NO. 4: Matrix No. 4 is Matrix No. 3 mapped forward for 270
minutes from t .

O

MATRIX NO. 5: Matrix No. 5 is Matrix No. 3 mapped forward for 488

minutes from t
O

(Referenced to true lunar equatorial plane and the line of intersection

with the ecliptic)
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APPENDIX F

Matrices Associated with Covariance Matrix 4

This appendix contains the matrices involved in the sensitivity study

of normal matrix _.
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MATRICES NUMBERS 3, h , and 5

COVARIANCE MATRICES BEFORE AND AFTER FORWARDING

DATA PROCESSING EPOCH

ORBIT PARAMETERS: a 2817.9896 km

e 0.29138044

i 8.3826hhi deg

n 15.586228 deg

35h.808h2 deg

Tp 66 yr. 6mo. 27 da.
t 66 yr. 6 mo. 27 da.
O

3 hr. hlmin. 5h.355 sec.

h hr. 4 min. 48.0 sec.

MATRIX NO. 3: Matrix No. 3 is the covariance matrix of spacecraft

state at to after two lunar orbits of range and range
rate data from Goldstone and Woomera have been

processed.

MATRIX NO. h: Matrix No. 4 is Matrix No.

minutes from t
O

3mapped forward for 270

MATRIX NO. 5: Matrix No. 5 is Matrix No.

minutes from t
O

3 mapped forward for 488

(Referenced to true lunar equatorial plane and the line of intersection

with the ecliptic)
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APPENDIX G

Matrices Associated with Covariance Matrix 5

This appendix contains the matrices involved in the sensitivity study

of normal matrix 5.
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MATRICES NUMBERS 3, 4, and 5

COVARIANCE MATRICES BEFORE AND AFTER FORWARDING

DATA PROCESSING EPOCH

W
ORBIT PARAMETERS: a

e

i

n

T

t p
O

2817.9896 km

0•29138044

8.3826441 deg

15.586228 deg

354.80842 deg

66 yr. 6 mo. 27 da. 3 hr. 41 min. 54.355 sec.

66 yr. 6 mo. 27 da. 4 hr. 4 min. 48.0 sec.

MATRIX NO. 3: Matrix No. 3 is the covariance matrix of spacecraft

state at t o after two lunar orbits of range and range
rate data from Goldstone and Woomera have been

processed•

MATRIX NO. h: Matrix No. 4 is Matrix No. 3 mapped forward for 270

minutes from t
O

MATRIX NO. 5: Matrix No. 5 is Matrix No. 3 mapped forward for 488

minutes from t
O

*(Refer%uced to true lunar equatorial plane and the line of intersection

with the ecliptic)
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APPENDIX H

Matrices Associated with Normal Matrix 6

This appendix contains the matrices involved in the sensitivity study

of covariance matrix 6.
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APPENDIX I

Matrices Associated with Normal Matrix 7

This appendix contains the matrices involved in the sensitivity study

_f covariance matrix 7.
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APPENDIX J

Matrices Associated with Normal Matrix 8

This appendix contains the matrices involved in the sensitivity study

of covariance matrix 8.
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